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Abstract

This paper numerically investigates the effect of chordwise flexibility on the dynamic stability of compliant airfoils.
A classical two-dimensional aeroelastic model is expanded with an additional degree of freedom to capture time-varying
camber deformations, defined by a parabolic bending profile of the mean aerodynamic chord. Aerodynamic forces are
obtained from unsteady thin airfoil theory and the corresponding compliant-airfoil inertia and stiffness from
finite-element analysis. V—g and state-space stability methods have been implemented in order to compute flutter
speeds. The study looks at physical realizations with an increasing number of degrees of freedom, starting with a
camber-alone system. It is shown that single camber leads to flutter, which occurs at a constant reduced frequency and
is due to the lock in between the shed wake and the camber motion. The different combinations of camber deformations
with pitch and plunge motions are also studied, including parametric analyses of their aeroelastic stability
characteristics. A number of situations are identified in which the flutter boundary of the compliant airfoil exhibits a
significant dip with respect to the rigid airfoil models. These results can be used as a first estimation of the aeroelastic
stability boundaries of membrane-wing micro air vehicles.
© 2010 Elsevier Ltd. All rights reserved.
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1. Introduction

Advances in the technology of smart actuators and compliant structures have finally made conformable wings a
realizable goal. As aerodynamic contours can be continuously optimized, wings with actively controlled compliant
airfoils can be designed to be more efficient than those with discrete flaps. The idea, however, is certainly not new, and
the first reported mechanism to change airfoil geometry can be traced back to the work of Parker (1920), who proposed
a variable-camber rib as a high-lift device for take-off and landing. Examples of current applications under study
include generic conformable leading edge (Santer and Pellegrino, 2007) and trailing edge (Bak et al., 2007) concepts,
piezoelectric-actuated active twist rotors for noise and vibration reduction in rotary wings (Cesnik et al., 2001;
Bernhard and Chopra, 2001), deformable airfoils for load alleviation in wind turbines (Barlas and van Kuik, 2007)
and aeroelastic amplification of high-lift devices in fixed wings (Campanile and Anders, 2005). Moreover, actuation
through variable camber is expected to require less power than conventional flaps for a given control authority
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Nomenclature t physical time
ty thickness of plate
a coordinate of elastic axis in semi-chords T, Chebyshev polynomials of the first kind
b semi-chord Voo free-stream velocity
cr lift coefficient, per unit span V* =V /(w;p) nondimensional velocity
cu,, moment coefficient about the elastic axis, w total induced vertical velocity
per unit span X chordwise coordinate
cA bimoment coefficient, per unit span Xo location of fixed points of a parabolically
C(k)=F(k) +1iG(k) Theodorsen’s wake function deformed airfoil
E elastic modulus of airfoil’s material Xy = Sy/(mb) location of center of gravity of airfoil
gi (fictitious) modal structural damping measured from ab
h(x,t)  airfoil deformation o pitch
I,= ] [(x—ab)u]? dA airfoil moment of inertia o camber
around elastic axis e=1,/(2b) nondimensional thickness of airfoil
L= [P(x)?dA airfoil camber moment of inertia 4 vertical displacement, plunge
k=wb/V reduced frequency Kk =mpb?/m inverse mass ratio
K, torsional stiffness of airfoil around elastic A bimoment, per unit span
axis, per unit span ¢=x/b nondimensional chord
Ks camber stiffness, per unit span o airfoil material density
K plunge stiffness, per unit span Poo air density
L lift, per unit span Y(x) camber shape
L, generalized forces w oscillation frequency
m mass of airfoil, per unit span oy, =+/K, /I, characteristic frequency of pitch mode
M, moment about the elastic axis, per unit span ws =+/Ks/I5 characteristic frequency of camber
N generalized camber force in Spielberg’s mode
model w; =+/K;/m characteristic frequency of plunge
ry=1/1, /mb2 airfoil’s radius of gyration referred to mode
ab Subscripts
rs = +/Is/m nondimensional moment of inertia of D divergence
the camber mode F flutter
S, static moment of airfoil around elastic axis, i i th mode: plunge (), pitch (o) or camber ()
per unit span qs quasi-steady

(Johnston et al., 2007). Adaptive wing technologies are also expected to play a key role in the successful development of
flapping-wing micro air vehicles, in such critical aspects as maneuverability (Stanford et al., 2007) or control of flow
separation (Katam et al., 2005). Concepts for dynamic stall control in rotary wings using compliant airfoil concepts
have also been proposed (Kerho, 2007). Nature is the source of inspiration in many of these applications, as the
extremely high energy efficiency of natural fliers and swimmers is achieved with highly deformable surfaces (Lentink
et al., 2007). In fact, the classical models used to describe the biomechanics of fish propulsion, developed by Lighthill
(1960) and Wu (1971), present many similarities to those used to estimate the aeroelastic response of compliant wings.

Wing adaptation is obtained in part by a reduction of stiffness in the wing primary structures, and this may also have an
undesirable impact in the aeroelastic stability characteristics. In this context, this paper presents a basic procedure to introduce
the effect of airfoil flexibility in first estimations of the flutter velocity. The starting point is the 2-D aeroelastic model first
proposed by Theodorsen (1935) for the estimation of flutter speeds in slender wings. It assumes, as is also done in many related
formulations that have been proposed thereafter, that the structural characteristics of the wing can be approximately
represented by a beam with rigid cross-sections. Theodorsen’s solution relies on a closed-form analytical solution of the thin-
airfoil unsteady aerodynamics problem in the frequency domain. Based on the indicial response method, Wagner (1925) had
proposed the equivalent time-domain solution, which sets the basis for state-space formulations of the problem, such as those
of Leishman and Nguyen (1989) and Peters et al. (1995). An extension to Theodorsen’s solution for arbitrary boundary
conditions was first developed by Sears (1941) to study continuous gust response. The unsteady lift corresponding to parabolic
bending deformations was originally proposed by Spielberg (1953) and general deformations of the airfoil were later introduced
by Wu (1961) in the analysis of fish swimming propulsion. Based on Spielberg’s approach, Rodden and Stahl (1969)
formulated the flutter problem for small-aspect-ratio wings.
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Despite the current widespread use of panel methods in unsteady aerodynamics, 2-D aerodynamic models are still
used via strip theory to obtain a first estimate of the flutter stability boundary on slender and rotary wing problems. In
the context of rotary-wing applications, the transient 2-D aerodynamic loads due to time-dependent airfoil
deformations have been recently studied in state-space form by Gaunaa (2006) and Peters (2008), including the
evaluation of the bimoments associated to the airfoil chordwise bending deformations. Palacios and Cesnik (2008a)
coupled those aerodynamic models with an extended beam analysis to provide a low-order description of the dynamics
of large-aspect-ratio wings with compliant airfoils. Of course, it is always possible to solve the 2-D potential-flow
equations with arbitrary boundary conditions using numerical discretization. This has been the approach in numerous
studies on flutter of cantilever plates and membranes for applications in problems ranging from human snoring (Huang,
1995) to flag dynamics (Argentina and Mahadevan, 2005). Tang et al. (2009) have recently presented an exhaustive
numerical investigation of the dynamics of this system, including the nonlinear behaviour at postcritical velocities. The
aim of this work is, however, to obtain analytical expressions that describe the main physical phenomena in the
dynamic response of wings with deformable airfoils. Chordwise flexibility is allowed, but limited to small changes of
camber. This will allow a quick estimation of the stability boundaries and the identification of the main interactions in
the flutter mechanism.

To that goal, this paper follows a methodology similar to that presented in Palacios and Cesnik (2008a) for static
aeroelastic equilibrium. Chordwise flexibility is defined by a prescribed parabolic shape function, and the corresponding
stiffness is obtained via conventional finite-element analysis for the actual wing geometry. Palacios and Cesnik (2008b)
presented a numerical procedure for the estimation of the camber stiffness using asymptotic approximations, but here a
standard finite-element package is chosen to make the methodology easily accessible. The unsteady aerodynamic model
is based on the solution process introduced by Peters (2008) for arbitrary airfoil deformations, with aerodynamic lags
obtained as in Leishman and Nguyen (1989). This procedure defines a simple state-space model for the airfoil dynamics,
for which linear stability studies can be easily carried out thus giving the main parameter dependencies of the flutter
boundary. A system with three physical degrees of freedom (dof) is considered, corresponding to two rigid-body
(plunge and pitch motions) and one elastic (camber deformation) dof. The resulting description is somehow similar to
that introduced by Theodorsen and Garrick (1941) to explain aileron flutter, but with a different physical meaning of
the additional degree of freedom in the problem. The chordwise-bending degree of freedom introduced here will be
associated to an instability mechanism that will be referred to as “‘camber flutter”.

2. Theoretical formulation

The system subject to study is shown in Fig. 1. A thin airfoil, initially located in [—b, b] along the x axis and under a
uniform free-stream velocity, V., is assumed. Three degrees of freedom (dof) are considered: plunge, (, pitch, o, and
camber, 0. The physical realization of this system is also represented in Fig. 1. The airfoil is attached to two linear
springs, with stiffness constants K; and K, at two points located at a distance d/2 from the mid-chord point. Both
springs are equivalent to a translational and a torsional spring, of stiffness K, = K| + K, and K, = [K| K> /(K| + K>)]d>,

Undeformed airfoil

Deformed airfoil

Fig. 1. Airfoil camber line with two spring-supported rigid-body (plunge and pitch) and one elastic (camber deformations) degrees of
freedom.



530 J. Murua et al. | Journal of Fluids and Structures 26 (2010) 527-543

respectively, co-located at a distance ab =[(K>—K))/(K| + K>)]d/2 aft the airfoil mid-chord. This point defines the
elastic axis. The deflection of an airfoil with general chordwise deformation can then be written as

h(x, 1) ={(1) + (x—ab)a(t) + P(x)d(?), (1)

where ( is the vertical displacement (positive down) of the elastic axis and ¥(x) represents the assumed camber shape.
So as to account for the first-order clastic effects, it will be assumed that

1

P(x) = (%)2_ 3 )

This camber deformation accounts for the next term (2nd order) in a Taylor series expansion of airfoil deformations.
The % comes from imposing orthogonality of the different dof with respect to the area integral (Palacios and Cesnik,
2008b). The equations of motion of the system shown in Fig. 1 can be expressed, using nondimensional coefficients, as

¢

2
—+x1a+wgc+‘l’( b) = Vo cr,
b n\ b

5 2. 2 5K Voo 2)
xa——f—ro,_oc—f—(rmwx)oc_ZE — | cmys

b b
50 Y 20 _ (Voo 2
5T 5T P(ab)or? - 5t {(rs05) + [P(ab)or ) =7 )« (3)
where the classical aeroelastic nomenclature has been followed. For the particular case of a thin homogeneous plate, it
is 13 =75 ra=1+a* and x, = —a.

2.1. Structural model

In order to estimate the camber deflection stiffness of the airfoil, a finite-element model of an isotropic cantilever thin
plate has been built in ABAQUS (1998). As the interest focuses in the internal solution of the problem (in a
Saint-Venant sense), models with increasing aspect ratios were tested until a converged value has been obtained. Planar
(S4R) shell elements have been used, obtaining the response to distributed bimoments. In particular, the cross-sectional
loads of Fig. 2 were investigated, as in Palacios and Cesnik (2008b). If p(x) are pressure loads applied along the airfoil
camberline, the corresponding generalized camber force per unit span length is defined as

b
A= /7 . p(x)P(x)dx. 4)

In particular, for the applied bimoments defined in Fig. 2, the generalized camber force is given by A =2F and
the chordwise bending stiffness is determined from the ratio between the generalized camber force, A, and deformation,
J, as

Ks =

SIS
[\ )
|

== ©)

2F

]

. ]

/ N

b b

Fig. 2. Cross-section of the 3-D finite-element model for the determination of the camber bending stiffness.
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Fig. 3. Normalized camber bending stiffness for a linear elastic material (v =0.3).

where ¢ is obtained by curve-fitting the parabolic shape of the deformed plate. Computed results for a linear elastic
material with a Poisson’s ratio of v = 0.3 are shown in Fig. 3. The camber stiffness is normalized as Ks/Ee, where E is
the material’s elastic modulus and ¢ =,/2b is the nondimensional thickness, #, representing the thickness of the plate.
The values of Fig. 3 will be used in what follows, but this procedure is equally applicable to different airfoil geometries
and properties.

2.2. Aerodynamic model

The starting point to compute the aerodynamic loads in the system of Fig. 1 is the 2-D finite-state formulation for
flexible airfoils by Peters (2008). Although the frame of reference can have arbitrarily large motions, the deformations
of the airfoil are assumed to be small, so that i1 < b, 0h/0x < 1, and 6h/0t < V. For the same reason, the trailing edge
vorticity is assumed to be shed along the x-axis.

The flow-tangency boundary condition is expressed as

oh oh

W=Vooa—x+a, (6)

where w is the total induced vertical velocity, comprising contributions from wake vorticity and bound circulation.
Aerodynamic loads can be obtained by Glauert’s method of expanding all variables in terms of Chebyshev polynomials
(Peters et al., 1995). The generalized forces are defined as

1
L= —b / TLOAP ™

where T,(¢) are the Chebyshev polynomials of the first kind (Abramowitz and Stegun, 1972) along the nondimensional
direction, ¢=x/b e [—1,1]. Assuming harmonic oscillations, Theodorsen’s formulation is recovered and the
generalized forces are given by Palacios and Cesnik (2008a), as

Lo . U . S

% =-b (C—abac— 55 + VOOOC) -2 Voo C(k)(aqs + Oqs)a

Li_ By Vb, Vs Vas i ) coon + 60

npb g% 2 T 2 = Far 7 Oa)y

Ly by ab*, b+ LV

mpb =20 2 Mg VbR N

where C(k) represents Theodorsen’s complex wake function and k = wb/ V4 corresponds to the reduced frequency. The
symbols a,s and J, stand for the quasi-steady angle of attack and camber deformation, respectively, and are given by

Otgs ={+ (%—a) ba + Voo, )
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1. Ve
b= b k20 (10)

Finally, the generalized aerodynamic loads can be written as

b
L: / APdX:—Lo,
—b
b
Myp=— / AP(x—ab)dx =bL,—abLy,
—b

b 2 ] 1 1
X
A:—[{yAP{(Z) —g} dx=3Lr+<Lo. (11)

2.3. Methods for stability analysis

The dynamic stability of the system defined in Eq. (3) will be studied both in frequency (/—¢g method) and time
domain (using the indicial response method to obtain a state-space approximation of the unsteady aerodynamic forces).
This work follows the methodology proposed by Leishman and Nguyen (1989), among others. In this case, Wagner’s
function, i.e., the Fourier transform of Theodorsen’s function, C(k), is approximated by an exponential function and
the state-space equations are obtained by direct application of Laplace transforms to the indicial response. In this
process two new aerodynamic states arise for each quasi-steady dof, given by Eqgs. (9) and (10) which are contained in
the state-vector. The resulting first-order ordinary differential equations describing the unsteady aerodynamics can be
appended to the structural dynamics equations governing the airfoil motion, Eq. (3). The eigenvalues of the resulting
dynamics matrix determine directly the stability of the system.

In this work, the state-space approach has been found to be computationally faster, but the V'—g and V-w plots of the
V—g method provide extra information to interpret the results.

3. Comparison with other studies
As a first step, in order to validate the methods for calculating the aerodynamic loads, the values obtained using
Eqgs. (8)(11) are compared to those published by Spielberg (1953), who studied the parabolic bending profile of the

mean chord line and examined it against a 50% control surface. The definition of the camber dof differs from the one
used here, but, as it will be seen, both theories are equivalent.

Undeformed airfoil

Deformed airfoil

Fig. 4. Spielberg’s (1953) model for the airfoil with plunge, pitch and camber degrees of freedom.
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Fig. 4 shows Spielberg’s model, where the subscript S is used to distinguish the dof from those of Fig. 1. In this case,
plunge is measured at the mid-chord, i.e., a = 0. The airfoil’s deflection is given by

hx, 1) = o) + xos(1) + {1—(%)2} 5s(). (12)

Comparison of Eqgs. (1) and (12) for @ = 0 provides the relationship between the dof in each model as

2 .
(Szg_l—géa os =, 652_5‘ (13)

On the other hand, the generalized camber force is given by

N:—[ AP[]-(f)z} dx = 2—to, (14)

b b 2

Substituting Eq. (13) into Egs. (8)—(11) with a = 0, Spielberg’s model is recovered. Furthermore, if the generalized
camber force given by Eq. (14) is considered instead of the bimoment A defined in Eq. (11), the expressions for the
aerodynamic loads are identical to those published by Spielberg (1953).

The aerodynamic loads given by Eq. (11) have been also compared to results obtained using an in-house
implementation of the unsteady vortex-lattice method (UVLM) (Katz and Plotkin, 2001), also based on potential flow
theory and thin-airfoil assumptions. Using a panel-like discretization, elementary solutions are distributed over a
surface and the nonpenetration boundary condition is enforced at a number of control points. From the pressure
distribution obtained for prescribed kinematics, the camber bimoment can then be calculated using Eq. (4). Here,
chordwise harmonic deflections have been prescribed, with the assumed camber mode of Eq. (2) and an amplitude of
1% of the chord. A very high-aspect-ratio wing has been assumed in the UVLM, & = 100, with 10 panels along the
spanwise direction. The number of chordwise panels is inversely proportional to the time-step, so to capture the
unsteadiness of the flow and to assure a good representation of the camber shape, the most restrictive condition has
been enforced, requiring a minimum of 210 sampling points per cycle and 20 chordwise panels. The rollup of the wake
has been disabled and the amplitude of the deformations is small enough to guarantee a near-flat wake, comparable to
the analytical model based on Theodorsen’s flat wake assumption.

The aerodynamic transfer function has been considered for verification purposes, defined as the quotient between the
Fourier transform of the time-domain aerodynamic quantity of interest and the camber motion. Figs. 5 and 6 depict,
respectively, the values of the modulus and argument of the transfer functions for lift and bimoment coefficients per
unit span. The agreement is remarkable and has served to verify the implementation of the aerodynamic model used in
this work.

" I —¢, (analytical)
o ¢ (UVLM)
0Fr N ¢, (analytical)H
o ¢, (UVLM)
o 8 ) |
2 =3
=]
kel
o
E 6 |
=
T 4 |
2 G @u Q@ O Qi O Y
L@ o NI o o ]
O L L L L 1 ! 1 \ .

Fig. 5. Modulus of the aerodynamic transfer function for the lift and bimoment coefficients under harmonic camber oscillations at
different reduced frequencies.



534 J. Murua et al. | Journal of Fluids and Structures 26 (2010) 527-543

025 T T T T T T T -
0, ——c, (analytical)
02 5 o, o ¢ (UVLM) |4
g o c, (analytical)
0.15 - o o ¢y (UVLM) | ]
H o
= 01 [ o i
S 005 Criio -
5 O,
s Of ]
g -0.05
T 01
-0.15
-0.2
_0'25 1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 6. Argument of the aerodynamic transfer function for the lift and bimoment coefficients under harmonic camber oscillations at
different reduced frequencies.

““““ Theodorsen & Garrick, 1941
O Zeiler, 2000
— Present V-g method

X, = 0.05

V* = Viba,

Fig. 7. Validation of numerical algorithms: current solution (¥—g method) compared to Theodorsen and Garrick (1941) and Zeiler
(2000) (a = —0.3, x = 0.05 and 12 = 0.25).

Next, the numerical methods to compute the instability onset have been validated. Although there is not available
data to compare flutter speeds for a cambered airfoil, the algorithms can be validated for the classical plunge-and-pitch
airfoil, since the addition of new dof to the system requires just a natural extension of the algorithm. Therefore, results
have been compared to the study published by Zeiler (2000), where he found that a number of plots published by
Theodorsen and Garrick (1941) were in error—this discrepancy has also been recently reported (Bergami and Gaunaa,
2010). As shown in Fig. 7, the agreement with Zeiler is excellent.

4. Numerical results

In order to determine the stability boundaries of an airfoil with chordwise deformations and to elucidate the
mechanisms that lead to flutter under different conditions, the results obtained by the V—g method have been
complemented with tools such as V—g/V-w graphs and eigenvector analysis.
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For the system shown in Fig. 1, the parameters that univocally determine the flutter problem are: the location of the
elastic axis, a, the inverse mass ratio, k, and the frequency ratios between dof, i.e., w;/w,, and ws/w, .

The analysis follows an increasing complexity approach, starting with a single-dof system (camber). Then,
nonclassical combinations of two dof are studied, namely, plunge—camber and pitch-camber. Finally, the system
comprising the three modes is considered.

4.1. One degree of freedom: camber deformations

Consider first a single camber degree of freedom on a thin plate. Fig. 8 illustrates the physical system, where the plate
is fixed at two symmetrically located points, at distances +x, from the mid-chord, with xo = 5+/3/3. This corresponds
to the position of the linear springs in the physical realization of the system shown in Fig. 1. This value is due to the
assumed parabolic bending mode, Eq. (2). It is further assumed that the elastic axis of the homogeneous flat plate
coincides with the mid-chord, i.e., a = 0.

Introducing the unsteady aerodynamic camber bimoment, A, given by Eq. (11), and removing all dependencies with
respect to other dof in Eq. (3), the stability equation in the camber dof only is

—ot (142 dio 2 Yo oy d o= B L Loy | (V= g (15)
3613 1812 b © 2 3 b o

Recall that r% = % for the homogeneous thin plate subject to study in this case. The flutter speed can be analytically
obtained by zeroing the real and imaginary parts of this equation. It occurs at a constant reduced frequency, irrespective
of the rest of the parameters of the problem, given by

1 xo\2] ' Glkp) Glkr) _
w=-[3-G)] g =-oFug =10 "

where F(k) and G(k) stand, respectively, for the real and imaginary parts of Theodorsen’s function, i.e.,
C(k) = F(k) + iG(k). The ratio G(k)/F(k) is related to the phase shift between the quasi-steady and the circulatory
aerodynamic loads (Bisplinghoff et al., 1955). This implies that dynamic instability occurs as the shed wake locks in
with the camber motion.

Classically, flutter has been analyzed in systems with at least two dof, where the instability is due to the interchange of
energy between plunge and pitch oscillation modes (Theodorsen, 1935). However, even though single-plunge is an
inherently stable mode, an airfoil with single pitch oscillations can become unstable if the elastic axis is close enough to
the leading edge (for values of a <—0.68). Likewise, the camber degree of freedom does not require any other mode for
flutter to occur; it is the interaction between the wake and the airfoil what causes instability. This is further
corroborated by a quasi-steady analysis (ignoring wake dynamics), which yields no flutter at all.

Similar conclusions were obtained by Huang (1995), who studied the flutter of finite flexible cantilevered plates in
axial flow on the context of human snoring. Following energetic considerations, he showed that the noncirculatory part
of the aerodynamic loads does not contribute to flutter, since the work done over a cycle is negligible. Conversely, the

Deformed plate
Undeformed plate l

- \ T~ T

e

b b

Fig. 8. Single-camber system.
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circulatory part does positive work and it is key to flutter. In fact, for a flexible plate in a free stream, there will be a flow
velocity that will excite a resonant camber bending mode (Argentina and Mahadevan, 2005).

The constant value of reduced frequency at which instability occurs leads to a nondimensional flutter velocity that
only depends on the inverse mass ratio, &,

V 1
Vi = ——— (17

bos — fia & ke

where c(kr) only depends on the (constant) reduced frequency obtained from Eq. (16), and is given by

Glkp)]* 1ICKp)I> 1
(kp)]” 11C(kF) e (18)
F(kr) 3 F(kr) 2
On the other hand, for this 1-dof system, the divergence speed is given by

*_VD_ 1 x02_1r§
%ﬁ@_k{ﬁ}E‘ (19

172 is smaller

1
clkp) = g

Substituting numerical values in Eqgs. (17) and (18), it is found that the flutter speed V; =~ (1.14 4+ 3.91x)~
than the divergence speed Vj, = ,/6(;’%/1(), for any value of x. This is also consistent with Huang (1995), who

experimentally verified the absence of static divergence for a finite flexible plate.
4.2. Two degrees of freedom: plunge—camber and pitch—camber

Combinations of two dof are studied next with the elastic axis located at the airfoil mid-chord point (¢ = 0). First, a
system defined by plunge and camber is considered, as depicted in Fig. 9. A second system with two dof is defined by
pitch and camber motions, as illustrated in Fig. 10.

Figs. 11 and 12 show the stability boundaries for these 2-dof systems, as a function of the frequency ratio and for
different values of the inverse mass ratio, k. In this case, a 0.5% numerical damping has been included in order to
eliminate mild flutter or neutral stability points. Flutter speed for the camber-only system, Eq. (17), is also presented in
both cases to help interpret results.

Fig. 11 presents the results obtained for the stability boundary of the plunge—camber system of Fig. 9, compared
to the single-camber system of Fig. 8. It can be inferred that flutter, in this system, is a camber-driven phenomena
(camber-wake interaction), and the inclusion of the plunge dof is stabilizing—recall that, as mentioned above, plunge
alone is a stable mode.

Note that the plunge—camber system illustrated in Fig. 9 exhibits coupling, both structural and aerodynamic. Hence,
the natural frequencies of the system are not the same as the characteristic frequencies defined for each single mode.

Deformed plate

Undeformed plate

b b

Fig. 9. Plunge-camber system.
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Deformed plate

\ Undeformed plate
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Fig. 10. Pitch-camber system.
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Fig. 11. Flutter speed for the plunge-camber and single-camber systems (a = 0).
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Fig. 12. Flutter speed for the pitch-camber and single-camber systems (a = 0).
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The pitch—camber airfoil shown in Fig. 10 exhibits a behaviour that can be divided into three main zones (Fig. 12), as
follows.

(i) In the first one, for approximately w;/m, <0.4, flutter is governed by camber. The flutter curve of pitch and camber
follows exactly the curve obtained for the single-dof system in camber deformations. Hence, no coupling between
modes occurs. Physically, this region corresponds to a relatively high stiffness in twist.

(i) In the second region, 0.4 <w;/w, < 1.4, the curve of two dof departs from the camber-alone counterpart, due to the
interaction of pitch and camber modes. This coupling plays a stabilizing role compared to camber induced flutter,
clearly steeping the curve. This stabilizing effect, in turn, diminishes as the inverse of the mass parameter, «,
increases. This 2-dof flutter comprises the region in which the characteristic frequencies of both modes are close.

(iii) At higher frequency ratios, w;s/w, 2 1.4, static divergence occurs first. Response is then dominated by the pitch dof,
since beyond this point, the twist stiffness is low compared to the chordwise stiffness.

4.3. Three degrees of freedom

For the 3-dof problem, Fig. 13 shows the flutter speed surfaces as a function of the frequency ratios ws/w, and
;¢ /wy, for a=0 and k=0.2.

The stability boundaries shown in Fig. 13 were checked to be representative for values of a and « satisfying a>0 and
K € [0.05,0.5]. In order to make it easier to visualize, Fig. 14 shows a relevant 2-D curve of the 3-dof system compared
to simpler systems with two dof (plunge-camber and pitch—camber). This distinctive 2-D curve corresponds to the
frequency ratio w;/w, =1 (dashed line in Fig. 13). Note that for the set of parameters considered here, the 2-dof
plunge—pitch classical system does not exhibit flutter.

Four main regions have been identified, denoted by A, B, C and D. Comparing the flutter curves for these three
different systems and aided by V—g and V- plots, the flutter mechanisms in these regions can be inferred as follows.

(i) Region A: At low enough ws/w, (i.e., very large torsional stiffness), flutter is dominated by the camber mode. Due
to the camber—plunge coupling, it is a 2-dof phenomena—similar to the previously studied case (Fig. 11). As shown
in the V=g plot (Fig. 15), the pitch mode is always stable and does not contribute to flutter. Recall that in the
absence of camber (classical plunge—pitch 2-dof system), there is no flutter under this parameter combination. The
V—g plot also shows that the inclusion of camber significantly alters the damping of the plunge mode. Fig. 16 shows
the V-w plot for this case.

(ii) Regions B and C: There is a point at around w;s/w, ~ 0.1, where plunge-camber and plunge—pitch-camber curves
split and a new mechanism drives flutter, where the three modes interact together. Figs. 17 and 18 show,
respectively, typical V—g and V- plots of region C, which is analogous to region B. The main difference between
V—g plots of Figs. 15 and 17 is that, at flutter onset, the damping curve of pitch is still above the plunge curve in the
latter, so this mode cannot be ignored in this case. Furthermore, it can be seen that there is plunge and pitch
vibration-frequency coalescence near the flutter speed, but it is the camber dof which eventually becomes unstable.
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Fig. 13. Flutter stability boundaries for a plunge—pitch-camber system (¢ = 0 and k =0.2).
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Fig. 14. Flutter speed for plunge—pitch—camber, plunge-camber and pitch—camber systems (w;/w, =1, a=0 and x =0.2).
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Fig. 15. V—g plot for a plunge—pitch—camber (3 dof) and a plunge—pitch (2 dof) airfoil. Region A (w;/w, =1, ws/w, =0.1, a =0 and
Kk =0.2).

Hence, there is a complex interaction among the three modes. Note also that, again, the inclusion of camber makes
the 3-dof system unstable, in contrast to the classical plunge—pitch 2-dof system (stable under this set of
parameters). In regions B and C, the characteristic frequencies of all three modes are of the same order of
magnitude, so this behaviour can be expected.

(iii) Region D: In this case, pitch dominated static divergence occurs before dynamic instability, since it corresponds to
a very low stiffness of this mode.

The eigenvectors of each mode at the flutter point have been also computed for the different regions and are
presented in Table 1. It can be observed that the amplitude of the pitch mode is negligible compared to the other two
modes in region A. Hence, it does not affect flutter, which as aforementioned, is a 2-dof phenomenon here. In regions B
and C, the vibration modes lag each other by, approximately, 90° and they differ in amplitude, at most, by one order of
magnitude. This proves the triple interaction mechanism that drives flutter.

Finally, the effect of the position of the elastic axis on the dynamic stability of the 3-dof aeroelastic system (Fig. 1) has
been analyzed. Fig. 19 shows a comparison of positive and negative values of a, representative of the whole range.



540 J. Murua et al. | Journal of Fluids and Structures 26 (2010) 527-543

V-0

1.8
1.6
1.4 [y +

1.2 b
Flutter onset| Pitch

0/o,,
-
T
1

0.8
0.6 i
Camber
0.4 b
0.2

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

V* = Viba,

\

Fig. 16. V- plot for a plunge—pitch—camber (3 dof) and a plunge—pitch (2 dof) airfoil. Region A (w;/w, =1, ws/w, =0.1, a=0 and
k=0.2).
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Fig. 17. V—g plot for a plunge—pitch-camber (3 dof) and a plunge—pitch (2 dof) airfoil. Region C (w;/w, =1, ws/w, =1.5, a =0 and
k=0.2).

It can be inferred from Fig. 19 that a positive value of a (elastic axis aft) simply scales and displaces the flutter curve.
Conversely, for a<0 (elastic axis fore) the consequences are significant, since the characteristic trough is completely
removed. Hence, small values of flutter speed are avoided and in fact, the closer the elastic axis is to the leading edge, the
larger the stability envelope—in contrast to a single-pitch system.

5. Concluding remarks

It has been shown that a first estimate of the aeroelastic stability characteristics of a flexible airfoil can be analytically
determined if the conventional pitch-and-plunge aeroelastic model is expanded with a new dof that measures the
instantaneous averaged camber deformation. This paper has proposed a description of this problem and a solution
methodology. In the proposed approach, the camber stiffness is obtained by a finite-element analysis and the unsteady
aerodynamic loads from a finite-state model of a thin airfoil.

Expressions for the critical speed and frequency have been obtained, and results have been interpreted in order to
elucidate the parameters that affect the onset of flutter. The stability analysis of the resulting 2-D aeroelastic model



Fig. 18. V-w plot for a plunge—pitch—camber (3 dof) and a plunge—pitch (2 dof) airfoil. Region C (w;/w, =1,
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Table 1

Eigenvectors at flutter point.

s wg Region v Uy vs
Wy, Wy,

0.1 1.0 A 0.3¢° 0.008_14¢° Loe
0.2 0.5 A 0.604° 0.05_17¢° 0.8¢°
0.5 1.0 B 0.2180° 0.04g7 Loe
0.8 1.0 B&C 0.2;30° 0.02gg° 1o
1.5 1.0 C 0.09,75 0.097g Loe

Plunge, pitch and camber degrees of freedom. They are in the format v; = 4, A representing the modulus of v;, and f its argument in

degrees.
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provides the simplest possible way to predict “‘camber flutter” and has helped identifying its dominant physical
mechanisms. This expands the work of Palacios and Cesnik (2008a), that from similar models studied the static
aeroelastic equilibrium conditions for compliant wings. Moreover, this work has focused on the 2-D airfoil problem
and has removed the need for the extended beam model introduced in Palacios and Cesnik (2008b). Instead, a simpler
numerical procedure based on conventional finite-element analysis has been introduced to obtain the stiffness and
inertia characteristics of deformable airfoils.

It has been found that camber mode alone can lead to linear flutter. The instability always occurs at the same reduced
frequency, independently of the rest of parameters in the problem. The flutter mechanism has been identified as a
camber—wake interaction that depends on the unsteady aerodynamics; the system is inherently stable if the influence of
the wake is neglected. These results agree with the conclusions attained by similar studies in the context of finite
cantilevered flexible plates.

Parametric studies were carried out to investigate the flutter mechanisms of systems comprising two dof (plunge—
camber and pitch—camber) and the limit for the camber-dominated instability was found to be based on frequency
ratios. For the system consisting of three dof (plunge, pitch and camber), three different behaviour patterns have been
distinguished, defined by two different flutter mechanisms and static divergence. The two flutter modes have been
clearly identified and correspond to plunge—camber coupling and triple-mode interaction. The influence of moving the
elastic axis toward the trailing edge plays a scaling and offsetting role. However, displacing it towards the leading edge
has a critical effect, since the typical dip that appears in flutter curves is eliminated.

This study has illustrated the aeroelastic instabilities that may be found on flexible airfoil designs, hitherto scarcely
analyzed, and has provided simple analytical models to estimate their occurrence. In particular, it has been proved that
camber bending deformations significantly alter the stability boundaries of the classical rigid systems.

The proposed methodology is readily available for extension to other cross-sections and camber shapes, as well as to
different material properties. It is also suitable for any arbitrary (small) deformations provided the airfoil is thin, since
the camber line could be defined by a polynomial of any desired order, and the relevant structural properties and
aerodynamic loads would be determined accordingly.

Although not as accurate as more intricate models and limited to the linear regime, this 2-D aeroelastic model can be
a very useful tool for first estimations of the aeroelastic response of compliant airfoils and slender wings. The simplicity
of the approach represents a great asset compared, for instance, to more computationally expensive 3-D lifting-surface
and panel methods coupled with a plate model.
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